COXETER GROUPS

1] Geomebic Reflection Gioups

Isom(x“) 1T isometry group of X"

I3.  Definition: A nyperplane H e X" is a tially geodesic, codimension
1 submanifeld of X"
A hyperprane Y separaves X" inte tws connected  Components , caned  hat- spaces

For each HC X", 3 a reftection €  Isom (X") which @)  figes M
and b) exchanges she Gssecialed hatf - spaces.

1.4 Example : Fisite  dihedral groups v s'crt
$iSz  is &  miation
ar
N "2

W= <S58 Y Dam = Cssal szs) ()™ e> gder 2m

1.5 Example = infinite dihedral grup St Sa

wWs: <s,Se |l 8% =582 = (ssa)™=¢e>

'3 Dekinition: @ QX by homeomorphisms . Gy zorbit  of  XEX . Then & fundamental  domain
for GNAX is  KCX st

K is closed and comnected

Gx "k #¢ ¥V xeX

Gx Ok = % if xe int(K)

Kis a stict  Pundamental  domain it G Nk = Y xek Kk Comata exactly one point

fom each  orbit.

. n .
Dfn: Simplex e © XY (KSnJ i the Ceavex wull  of k+1 basis
vettors 10 WU ceguiar i ol odges  have Hhe same lenghh.

n .
1.9 Definition : O Conver polyipe P & ¥ iS5 0 CONVRX , compaci insersecion of a Finite

number  of closed haf spaces  in X with  nonemphy  inkerior

The  liak of o vertex v o¢ P is liokp(v) = Poounik  (n-) - sphere Centred at Vv
) a
(spvere in T Twis is @ spherical  (not).dimenstonol  powytope . P s called simple it V¥ veP,

linkp(W) is o regular  spherical ey
Equivalendy, P is called Simple if each vertex is adjacens ¥o exacHy n  edges.

Polyope ¥ Simplex-

2. Defining Abstract refleUion  Groups

2.1 Definition  ( Tits fasos)
et S= USidic1 T Riae indexing ser A COxtler  matdx i5 0 SymmerdC mawix
(sxs) M= (m;,‘).,lju Suth  +hat  4he  following hold
comy oz L viel
mj s ompi € a3y, Yo ie) g i),

The Coxeter goup W iS ‘e grour W =<5 | (S;Sj)mj =e Vije1)

and tee paic (W, S) s caned o Coxeter sysem.

let G be 0 gowp with generaing set S Fe.

-4 pefinition:  The Cayley gmph of G wa- S, Cays(@) is iwe gmph with vertex
seb = G. T+ hay e dicected edge se 1 (9,93 : 9eG, seS, siyel

and  undicected edge set 1 19.95) - gem, seS, 5% e},

Rl edges are labelled by coresponding SES.

_,alse al edges

CaysCG) is comnected , for @ cox- syst,  Cay (W) is  simple.” undirered.

2.6. lemma: G acts on Cays(G)  via  wuniplication on 4he 1eft . This oacton preserves

edge lapels. it s*€, tnen gsgT s #he uniqve Qoup element  wwith €lips e page 19, Y.

2.10 Definition : given a group G with generaling set S of involutions , On element s o product of
genemtos Sy, S, SIES, OGN O word s @ Finike  Sequence of generatws (.- Sn)

(care pariicutarly apout #ne order)  S: €S . The word length  of 9¢ G wrt S s

€s(a) = minlneN | 9:=5..5n sies) , ond we set 5(e) To. 1t 2g(9) =nx

ond gzSi..Sn, dwen the sequence ([ Si,..,5n) i called a reduced Wword for q.

2.l petinition: word metiit on G 13 ds (9,0) iz O (97'h) - path  meiriC on Coys ().
Each edge has length 1

2.3 Definition: A pre- reflection  Sysvem For G s o pair  (X,R)  Such  twar:
* X is 0 connected, simple graph
* GARX by  gmpw auremorphisms
* R s a subset of G and
9 eweny reR IS an isvoluvien
®) R Closed under onjugation : Ygeh, reR, 9rg” €R
9 R geneares G
d ¥ Tv,w)eB(X) 3! reR wwin fips Tv,w) (ig. inierchanges v and w)

R) each reR flipt aF least one edqe-

T reR, let Her 3 midpoiabs of edges flipped by v

LN . Theorem (& prove lader) Pe X" simple  Convex  polytope  with
nwz. Wk LFidieq be dwe seb o odimension-t  Laces of P.

Then €0ch  Ti ked . an  H; S W™ Suppmse Vi) F FiNFj +¢,
then  Hi ond Mj inersect ol an ongie @y ™M) %2 €T

Sed M=l and mij o When FiNFj=@ , and Si be reflection
across i in Tsem (M)

let W be 4ne group gemeraved by X5iJiex. Then:
D W hos the Rlowing presentaion: W= < si ¢ (sisj))TU e yijeTd
L) W is a discrete subgroup of Tsom( ¥")

N P ois a stict fundamental  domain  for  WOR X",  and the action

induces @ 4uul\,aﬁoﬂ o X" by copies  of P
hiling

113.  Dektinition: 0 group W is a Geomelric reflection  group W it
is Dwm, Do o @ group fom Tom 1.11. W is  spherical ¥ A": $°,

tudidean ¢ X" E™, ond Hyperbotic if X" H"

2.05. lemma. IfF (xR) s 0 pereflection system P G, twen G acs bansihively oa  V(X).

lo: lemma :  let  (W,S) be a  Coceter symem and R: Tws w' | SES, wewl T,

( Cays(w),R) is a prereflection sysiem  for W-

213 pefinibon: Let  (X,B) be o prereflection system v Gio Then (%,R) is a veflection system

if in oddition i+ soisfies £)  for each reR, X\Wr has exacly hwe Components.



3. Combinatorics of Coxerer Gwoups b Tik's repcesentation

Thm CTH$): Lot T be a finile indexing set, oand et S* Sitier, and e

Qenerated by a  ser 5 of distinck  involufions.
there's a faithful representalion

3.0 Theorem: (et w be a growp
M= i"ij)i.jex be a coxeter mawix. Then

Then #he  following are equivalent:

M (w,9) is a Coxerer sysem
@t X: cayg(w) , Re Twsw! Ises, wewd Then (6,R) is a reflection sysiem

3 (w,5)  savisfies tne ‘delerion’  Condition
L) (w,5)  savisfies the  ‘exchange' Conditien

p: W = GLalR) , where w: <siGis)™eed where  n= [si: I, and g4

© Mi, psi)=: i is a linear involubion  with Pixed point Set G hyperplane

;% was ocder mjj,

* for all i , e product

The  homo frW 2 GL(mM) s Rnown as the canonical representation.

3.2. Definition: (W,5) SOMSGRS the delerion condition if ‘the following holds

®) it w= (SuSk)  js a word in S with 2 (si...s0) <K,

A s
Suth RGN Syoeee Sk T Syece Siece ) oo SE
uth 4nal ' 5 ’ Consrvuwng Tip's cep:  lxl=Isl=n. N hove basis Tewyen ).

then 3 indices i<j
nUXN SR by
- cos ("/mi;) W omij Fiaite

-1 i mi; infinite

3.3 Defintion: (W)S) SoMsSCiRS the exchange Condition if Yhe following holds () Dpefine sym. bilin.  foem
for any seS, either g(ei,ej) =

€ w (si,...,5%) is Q@ reduced word, then
Poe 1€ TLok)

Qs ( Ss1--Sk) = K&\, 00 W= S, ..% * X IPRE SR T

tem) 8lei, &) , ond  Blei,€)¢0

oilv) = v- 2Blev)e;

_ - esS 3! reR whith Fflips eath edge
e R: 1w wew, s b 9 (2) Define SNV by
s|-~-s:|-l $,.- 85
? L eileny- -ei, Fix ()= § vev: gle, =0} =:m:
given by €52 Sy 3y Sjer Sy get o reflection sequence (..., Tx)
L B(site)), site)) = Blej,ex)

foc & word  (Sy)...,5%)
(3) (Pop %2% <i9j hay oder  mij Vil

.5, L : v
3 emma : YreR, Cayg(w) \Hr Wos @ most two Connected Components - G w3 S e exends b p: W = GLa(R)

(wish 8 cotiec syem. Torony word (&, Se) = £l (3 be Pl Consider coses =) i aunmadc Aem formulo

the number of kimes thwe  (orresponding  path  Cromes Hr in Cayg(w).
mij finite : restrict & Wy, Bl"‘-j i 4ve def, 5o &| ,ojl ook tre oano cef®s.
LN . . e
3.6 temma:() for any word o = (51, 5k) with W= SiSk, dnen for any Then ,;aj‘ = rokatien by 7'.'-.') S oder mij on Vij. Then nete V= Vij @ Vi) ,
ren, (_‘\hl'.ilg TV depends 6aly on  WEW  (nev  khe word representation o "
ond %% acs ke id on Vi = gger mij on an V-
but  Hae ocluoal  element). .
° « . e
W sum(RxSt) ;, wer fuw b My inkinite: g\‘-‘j : (-\ |) = pos. semidet- (tr;c)') (e") R +ZK(?A+€J)

G) 3 a group  homemorphism

te,
Bulr.e)s (wrw™, (0" '“f\, Where £ is Gny word cepresening  w.
© infinite on Nij D infinve on V-

W ke gen by a set of distinct involutions S ond SFLES g

braid move on a word A S swops a
tength st -

3} Dekinition: Let
Subword
o

Toitnfulness  of  Tit's rep

(Flwd (@)WY = @Upw™ )V 5 pamia, (o pis Paibiu).

order of st, wms, is finite. A
Srow dual rep® YW = GL(vT) Given by

(s,b,5/4,.-.) of \ength Mst with a gubword (t.5, &5...) of

Theorem 310 (Tits) Suppose W o goup gen by @ set S of diskinct
involukions,  (W,$) satisfies (€) . Then Rems) wiev* by 9=z B(ei,). Then r'(s;);-_a-;*
W g word (si,-,Se) s reduced & camnck be shorened by a () : - 29(ei) Y
sequence of 1Y) deleting q subwod (5.5) S€S, o B¥er S eevt | wlei)=o) hypecplane of Fised ints of it

A 4 R -
G) q braid move TERER B SRR ITICHERY , ciz D¢ T s chambe os- b cgpt.

(2 Two rduced werds in S vepresent 4he Same element eW > +hey
Defni G o goup ading en o set T Ceomis prefundamenial  fo G if

are velated by a Finite  Sequence of Braid Mmoves.

N geo, g€ne€ +g > y=iea.

Lo ci prefundamental  goc Wi = €S 7 acting on \* :

(si-0te) = @ (p) (@) = @(eite)) = @(-e) = -w(e) < o

uniess S is she identity-

Toam @6 (1Y L W,s, 1)) savisties Property p: ¥ WEW , i€, either

wC CCi, or wC C siCi. In +he second case, ds(siw) = Lslw)-1.

Cor 43: C prefundamental for W = p% is foitful.

Change in  notalion: replace  C with ¢®, C with C.

.
Dbn 4 Tibs cone  of (w,8) s .,,lé\,, wl cv




5. Finite Coxeter Guroups

bin st (W,5) Cox sysh Then  (WiS) is seducikle it ST S'US" st mi=2
Vosies's sjes™ e sisjsosioisa rel ia W
Lo (w,3) reducible, then W <s'yx <S"D

Rem:' irreduchle can Qi spiit a3 A prduct: Dzeae) ¥ Dae X Cy

Tom  6.3: (W,S) irreducile, [Sl=n. TFEAE:

W W a gem. cefl® goup on s gen by S= TSi}ier, and ser of refl%s
in Codim 1 are faces (Filjer of a simplex in S" st €, Fj meer ab Tn‘!'g
(2} B s pos. def:

W) W ois  Finite

W fin (ox. goup, ISlen, 4wen  V'es E', and C 5 q dlosed Euclidean
Simplidal sne \ith boandawy  Given by HY's.
Cor 43~ € prefundamental for W ¢ WCNC®#d > wee. So if x€ €°, then

Wx  has (Wl disting  poinks

Din 5.4t (w,S) Finite.  Coxeter polytope Foc W is the  Convex hull of the W

obit on V¥ of o pim 1 €C°.  (not in general  reguiar)

D 5.6 Cox-Dynkin diagram [ is a Smple lokelled graph w) Fin.  vertex set

w(rY = S = TSikier, eage lovels g 5 mjmdoec zes
lem 5.3: 14 correspondence (w,3) & Cor-Dynk diograms: omit  mij =3
\abel -
(w,s) > [ (ox- diogrom
S e ()
WIMisl e 1y odge between S sj

m ',J'

my %3,z

Demie  Im(T) by (w(r),N(F)).

Dfn S13: Gven a Cox. sysiem (W,S), TCS, then parabolic  Subgroup Wt of W

iz (1Y, T=6, take Wr= te) Then (W1, T) a (ox  sysem

tem 5-04% (W,S) | kthen WI(TT) T W1 N syosers TCs.

© nonkvial proof !

Dfn S.15: spherical subgroup = Finite porabolic  Subgroup

Cor S-'%* aWl spherical Subgroups  come fem B\ subgrphs  of [ of (w,$)

Tam 518 (w,$) (o system. Then

(0 (WoT) o (ox sypem N 1SS

M ¥ T¢S, weWr, then 27(w = &), and any reduced word W =S)... %
in S satisfies  Si e T V¥i.

w T1,71'cs, Waap = Wr QOWr', < Wr, We) @ Wy

W 1 > wr, 1155} > T parabotic wrSw) presewes  partiol ordering Dy incwsion.

Thm 5.0 C coxever) ( Classification of Finite Coxeter Qroups)

(W,9) gives i Cox.geur = (W,5) = (W, VM) g 1 a digg Vot o
fin. & of folowing  graphs:

An o 0... —o (LT
[
Bn ° ° —0 ° [CE AL
°
Dn o ...._.< o >4)
o
Tam) w8 €, o—o i oo
°
L
fu o ° ° °
€3 60— 0——0——0 —0—0
5
W3 ° ° °
°
S
Hy ° ° ° °

Lem 5195 (W,5) cox. syn,  wely, Hen 3 subser S €S st given any

reducd  word Si--- Sk &e W, Slw) = 7$|,-~-/SL‘J,

Dfn 5:20:  Cox syn. (W5, e+ € =3Tes - ws '\nedudHes




6. The Basic Construction

Dfn 6.1t Absiract simplicial Complex is o set V (verex se}), and a collecion
% of flaiv@ SVbsers ok V. sSuch  Hnai

(1) WS e X ¥ vev (2) it AEX ,and &'CA, men A'eX

B = “absteact simplex” A'c a4, men A o fae of A

Dfn 620 (W,5) Cox-gys- , X a commected, Hausdorff {ppological space, o Mmiror
Struckure on X over § js a Family of Cloted, monewpty Subsers of X. K is coued

a micored space over S, ond Xs i dwe S- mircor of X-

Dfn G4i (WS) Cox.sys- and X @ mirored space over Si Hhe perve of X
NX) is an  adbstct  Gimpliial  complex with  Veviex set S and TSS s o

simplex i6F g Xe + &

exomples 6.9

1 X= (un!'(“'s"SES}’ Xs = % °'s§' NK) = Lt es)

(21 A" Isl=ntt . IS\ codim-1 faces, lobeled by S: fAs: SESS

XS=AS

(s) W Finite, Ve E“; € : TveR": <‘:9;5"°‘]} . Then xtc., Cox- polytope

35 orbit Wx | Take X = €N Cox.poly. | Xsi = XOM;

(W,§) Cox-sus., X mimored over s, 3 x€X st- x§ YXs. Define V x €X

s(x) = 3se S : -xe\(s}

Lem G.lb: TFAE:
(1) (W)X localy  Fiaire
() yxeX ,  Ws) s Finite

@ NTCS st We infinive, ten Q %t =8

W oads o UlwWX) by homeos via left attion on  WxX:

w'e (wa) = (w'wir)

lem G-A: Fundamental chamber eX i5 G sbict fund! domain For W U(W,X)

[T u(w,x)/w Ty,

Dfn 6-7: W as top spae w/! discrete bop , and WXX  with % top. The
basic  consbucrion s top spaee Wi quokient &op:

Ulw,X) = WxXy, pasabolic suogroup

S0 € S
where (w,2)~(wh2) & w=x', ond W' w' € Wsw

Lquiv. Class:  Cw,xd

Rem:) x €Xs, amen  s€S(), o (wx)~ (ws)x) since w'ws:se Wsen,

Dfn 6-83: wX:= TwixX in U(WX) . Then wX s Q chamber of U(w,X)

Fundamenta)  chamber o% . wX ond w3X gre glued aleny Xs .

Lem G6.9% X : cone1Ss: SESY, then wup o subdivision U(W,X) = Coyslw)

Din 6.10: X wiroed fpace in Exm 6.5 ) , WIW,X) s caued 4me

coxeter  (omplex.

temma  b43:  U(W,X) a Connected bupslogical space

Dfn G149 U(CW,X) is Soid W be locolly Fimite if N tw,xd € Uiw,X) |

3 an open  nhood whicth meets only  Finitely wany chamboers.

Bjecion: W — U(WX) ; W — wX

lem 618 Stabw (Cwx)) = § w'ew : w'w'w ew;m‘) (dén)

- -1
= wwm)w .

lem 6190 U(W,X) is  Housdeff

Ofn .00 G discrete group, ¥ hausdorf, then an acion by homess GNRY
is properly  discomtinuous i
(i) ‘“C’l is  Hausdorff

@ v yey Gy = stabaly) s finite

(@) v yey, Jopen nhood Uy of yin Y st Gy Uy= Uy (nor necessarily poinveise)

and  guynly = ¢ v 346.5

lem G.2ln W Q3 Ulw,X) progerly  discontinuous iFf Wscx) is  spherical

(cinte) Y xeX.




