
 

COXETER GROUPS 2 Defining abstract reflection groups

a1 Definition tits tasos1 Geometric reflection Groups
let s silica I finiteindexingset A coxetermatrix isa symmetricmatrix
isxs M miili.ge such that the followinghold

Isom x isometrygroupof xn mii et vie I

1.3 Definition A hyperplane H e x is a totally geodesiccodimension The coxeter group w is the group w L s t csis mii e vijeea submanifold of in
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andthe pair w s iscalled a coxetersystem
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let abe a group with generating set s e
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24 Definition the cayleygraphof a wet s cayscat isthegraphwithvertex
set a Ithasthedirected cageset cg.gs gea ses site

an example finite aineara groups since
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we sisa Dam s s I si si essomee order am 2.6lemma aactson cassias via multiplicationontheleft Thisactionpreserve

is example infinitedihedralgroup I atoDefinition givenagrouporwith generatingsetsof involutions anelement isaproductof
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careparticularlyabouttheorder sies thewordlength ofagea wa s is
esco minenext g s snsiest andwesetesces o isescgs.no
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for anx is kex sit
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annis n it neinter
isis astrict fundamental domain is annk n taek iscontain exactly onepoint eachedgehas length 1
fromeachorbit
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e pen is a wa
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Den simplex or e x Kentis the convexnun ofnatlbasis x is a connected simplegraph
vectors in n regular itall edges havethesamelength

r is a subsetof a and
a every rer is aninvolutionnumber ofclosedhalfspaces in x withnonempty interior b r is closedunderconjugation rata rer gro er
a R generates aThe linkor a vertex rose is linkpas enunit inn spherecentred at r

sphereintux this isaspherical inndimensional polytope pis canedsimple is a rep as a vwie ex s re r whichflips sv.ws lie interchange vanaw
linkpenis a regularspherical simplex
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e each re r flipsatleastonecage
equivalently piscanedsimpleit eachvertexisadjacenttoexactlyncages
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n iz Let filiesbetheset of codimension faces of p

j jL
emma let s bea coxetersystem and 1s'swe then

Then each ti liesin an it exin suppose v it if fine to
then at and a intersect at anangle g misiz er
set mine and mi o when fine o and si bereflection

aaDefinition let ixrt be aprereflection systemfor a Thencx.rsisa reflection system
let w be thegroupgeneratedby sissiesThen it inaddition itsatisfies t foreach rer xin hasexactly twocomponents
H Whasthefollowing presentation w Csi sismis e vi jets
4 W is adiscretesubgroupof Isomxn
3 P is astrict fundamental domain for wax andtheaction
induces a tessellation of x bycopies ofP
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3 Combinatorics of coxeterGroups

3.1Theorem let wbe agroup generatedbya setsof distinct involutions Thmcrit's let I bea finiteindexing set and let s silica andlet
thenthe followingareequivalent m miline bea coxetermatrix Then there's a faithful representationin was is a coxetersystem p w ounces where wecsicsisymii.es where ne ist lil and stin let x caissons R wsuIseswentthencx.rsisareflectionsystem
is twist satisfiesthedeletion condition ti posit o is a linear involution with fixedpointseta hyperplane
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intwist satisfiesthe exchange condition

The homopw accn.nl is knownas the canonialrepresentation

as if we is esin isawordin swith eses snick
thena indices is suchthat s sk s si si sk constructing titis rept Il ist n uhavebasis see en

e it is sn is a reducedword thenforanyseseither
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wines cwrw.scis s where s isanywordrepresenting w

d

infiniteon ui infinite onu
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5 Finite coxeterGroups

is cts t o take we e then we t a lox system
Den si was coxsystThen twistis reducible is sisters s.t mi a
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v sies s es i.e sis sisi isa rel inw Lem six wist thenwent we v subsets Tes
was reducible then we s xas is nontrivial proof

Tnm5.3 ws irreducible 1st n Trae

m
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in codim I arefaces tiliesofasimplex ins st ti ti meetatEi
in B isposdef Tnms.is wis coxsystemThen

in vies wewethen e iwi estaandanyreducedword was sk

me with boundary given y

a system ties

w fin tox group Isin then ut en and c isa nosed eullidean in s satisfies si et ti
in T T es went winwin cwewin win

Cor aa e prefundamental fo w a wconcoto wee soif ne eothen late we test parabolic mew preserves partialorderingbyinclusion

wa has in distinctpoints
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6 TheBasic construction

in ucwx locallyfinite
Den6.1 abstractsimplicialcomplex is a set r vertexsets anda collection 121Knox wsun isfinite

x offinitesunsets of u such that al tt e s s.tw infinite then I Xt 0
ca ersex over in it oex ando co then o ex

o abstractsimplex o'so then o afaceof0 Wactson Uswx byhomeo vialeftactionon wxx
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structure onxover s is a familyof closed nonempty subsetsofx xis caned Lem6it fundamental chamber ex is astricttundedomain to waulwx

UIW.tlw xamirroredspaceover s andxs isthe smirrorofx

Den64 his coxsyst andx amirrored spareovers thenerveofx Bijection W uwix w wx

next is an aberrant simplicial complexwith vertexsetsandTes is a

examples6s

tem618 stabwhewll view wwwew
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in conesas ses Xs as next wlost Lem6.19 um x is Hausdorff

121 on istntl ist toaim ifares labelledby s as sest
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finite ie svein c e son

d hausdorff thenanactionbyhome any
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ws Coxsus Xmirrored overs tnex st neYXsDefine vi ex
sins se s nexs
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Lem6.21 w aulw.tl is properly discontinuous ifs wsm isspherical
finite vnet

Den6.7 wastopspacewi distretetopand wxx withxtopThe
basic construction istopspace wi quotienttop

uWix wxxx
where win win next and w w en

parabolasubgroup

equiv class cwins

Rem exsthen sesad waitcousinssince wwsesewson

Den6s wx usxx innewx Thenux is a chamber ofumx
Fundamental chamber ex wxandwax aregluedalong xs

Lem6.9 x conesas sts thenup tosubdivision ucw.xi

cayslwlpfno.ioXmirroredspace in exmbsea uswin is calledthe
coxeter complex

Lemma bis newx aconnectedtopologicalspace

Den6.14newx issaid tobelocallyfinite is v ewinseuiw.tl
I anopen moodwhichmeetsonly finitelymanychambers


